Abstract. This paper shows how multi-dimensional functions, describing the operation of complex equipment, can be learned. The functions are points in a shape space, each produced by morphing a prototypical function located at its origin. The prototypical function and the space's dimensions, which define morphological operations, are learned from a set of existing functions. New ones are generated by averaging the coordinates of similar functions and using these to morph the prototype appropriately. This paper discusses applying this approach to learning new functions for components of gas turbine engines. Experiments on a set of compressor maps, multi-dimensional functions relating the performance parameters of a compressor, show that it more accurately transforms old maps, into new ones, than existing methods.
Introduction
This paper discusses the inductive learning of predictive models where the output is not a label, nor a continuous value but a multi-dimensional function. It proposes using morphological analysis techniques [2] to learn a shape space capturing the common characteristics of a set of existing functions. These functions, and new ones, are points in this space, each produced by morphing a prototypical function located at its origin. The dimensions of the shape space define individual morphing operators. In this paper, the functions represent components of a gas turbine engine, primarily one used to power aircraft. However, the idea of morphing functions to be useful in new situations should readily generalize to other applications. Certainly, the expectation is that it can be used to learn functions that describe the operation of other complex equipment. It should also be useful in applications of reinforcement learning, where functions representing the solution to tasks [1] could be morphed to form solutions to other tasks.
The focus, here, is on the components of gas turbine engines, such as compressors, combustion chambers and turbines. These are described by performance parameter maps, which give the relationship between the input and output parameters. Component models based on these maps can be combined to produce an accurate simulation of an engine [12] . This simulation is an important tool in engine design and diagnostics. An essential, yet time and resource consuming activity, is to generate such maps, preferably prior to prototypes of the engine being available. A common approach, as is typical in much of engineering design, is to refine an existing solution to a similar problem. A current method used for producing a new compressor map is to take one for a similar compressor, according to expert judgment, and to multiply each of its dimensions by a single factor [11] . This is satisfactory if the compressor is "sufficiently similar", an ill-defined concept. More recently more sophisticated methods, with broader applicability and more accurate approximations, have been proposed [7, 6] . Selecting an existing map and then adapting it to apply to a new problem is very reminiscent of case based learning. This work certainly has many similarities with research into learning and adapting cases representing the real valued parameters of manufacturing equipment [4] . Learning how to morph maps based on the similarities between existing maps is analogous to learning adaptation rules from cases [5] . What sets this work apart is that the cases are multi-dimensional functions and more complex adaptive operators are needed. Overall, this work might best be compared to that combining instance-based and model-based learning. Quinlan's [9] used model based learning to generalize across multiple instances, an important component of this work.
The original motivation for this work was to exploit engineering knowledge within a learning algorithm used to predict, and diagnose, engine faults [8] . But, here, I argue that as a scaling procedure it stands on its own merits. Not only, as the experimental section will show, does it produce maps that are more than competitive with those produced by a recently introduced non-linear scaling method [7] but it achieves this through generalization of examples rather than a human analysis of the commonalities of compressors. This gives the approach a number of clear advantages. More examples can be added to improve accuracy. Extra information about the compressor can be added to improve accuracy. The approach should generalize to other components within the engine and to other complex equipment. The approach should be applicable not only in modeling new engines but also in accurately modeling older engines.
Generating New Functions
To generate a new function, an existing function must be selected and modified. For a compressor, two properties are of particular importance; the pressure rise from input to output and the mass flow, the rate of air flow through the compressor. In this work, the most similar map is selected using a distance measure calculated from these two properties. There are different types of compressor in a turbofan engine, the most common engine configuration used in commercial aircraft. At front of the engine, see figure 1 , is the fan, this drives a large portion of the air around the core of the engine providing most of the thrust (at least in commercial aircraft). The air passing through the core is pressurized by the high pressure compressor. The core air is driven into the combustion chamber.
It there mixes with the fuel and is ignited, the resultant high velocity gases pass through the two turbines. The turbines extract energy from the flow and drive the fan and the high pressure compressor.
Fig. 1. A Gas Turbine Turbofan Engine
Not only are there different types of compressor, they also vary in the number and complexity of the rows of blades depending on the size and thrust of the engine. To give some feel for the range of variability, figures 2 and 3 show two examples of quite different compressor maps. Figure 2 is for a fan; figure 3 is for a high pressure compressor. The y-axis is the pressure ratio; the x-axis is the mass flow. The fan moves a lot of air, but produces only a small pressure rise. The high pressure compressor has a much larger pressure rise although it moves much less air. The data points, the black dots in the figures, have recorded values of mass flow, pressure ratio and efficiency, temperature rise for a given pressure rise, for the particular engine. They form lines, called speed lines, recorded from operation of the compressor at selected rotational speeds. Two dimensional bsplines are used here to generate the complete function. This produces the three dimensional function shown by the contours, representing the efficiency of the compressor in terms of the pressure ratio and mass flow. As the function also includes information about the compressor speed, it is really four dimensional. This representation, using speed lines, is the conventional mechanical engineering one, as it can be readily projected onto two dimensions making it much more easily interpretable by humans. The standard way to modify an existing map to generate a new one, in use for over 30 years [11] , is to multiply each dimension by its own scale factor.
Non-linear Scaling
Looking back at figures 2 and 3, we can see that the general shape of the speed lines and the efficiency contours are similar but by no means the same. In figure  2 the contours are more spread out and each speed line covers a broader range on the x-axis. The shape of the contours also differs: in figure 2 a line down their center has a quite appreciable curve, in figure 3 this line is much straighter. The figure 2 than figure 3 . Linear scaling does not account for these differences and research has continued to rectify these shortcomings. Kurzke and Riegler [7] analyzed a large number of compressor maps, to determine in what ways they are similar and in what ways they are different. They proposed an alternative non-linear scaling method. The heart of this new scaling method is the ridge, or backbone, of the function, a line connecting points of maximum efficiency along each speed line. The axes are first normalized based on a reference point, the specifics of how it is identified can be found in the original paper [7] . The ridges on all the maps were found to be well approximated by an arc of a circle passing through coordinates (0,0) and (1,1). The radius of the circle depends on the pressure ratio at the reference point. Figure 4 shows an example of the scaling procedure in action. The bold solid black line is the ridge of the existing map; the bold dashed line is the ridge of the new one. The two adjacent thin lines are their approximation as arcs of a circle. First the range of each speed line in terms of mass flow is adjusted, according to the ratio of old and new values. The points on the ridge for each speed line are translated horizontally according to the different horizontal distances between the circles. The gray curves in figure 4 indicate one example of a translated and scaled speed line. New values are assigned to each speed line and the efficiency values rescaled, see the paper for details [7] .
Morphological Scaling
The approach taken in this paper is to use morphological image analysis techniques [2] to identify the commonalities and differences between compressor maps. The method relies on identifying common points on all functions, called landmarks, and then finding the morphological operators needed to morph the points on one function to those on another. The speed lines are a central feature of the compressor maps. Following Kurzke and Riegler [7] , a ridge is defined at the maximum efficiency point along these lines. Where the speed lines intersect with the ridge, an initial set of landmarks is defined. Unfortunately, the speed lines are not at the same compressor speeds for each map. To get a consistent set of landmarks interpolation and extrapolation are necessary. A method based on domain knowledge is best at minimizing error. This is particularly true for extrapolation, where many schemes can produce large deviations arising from small errors in values. A commonly accepted, and reasonably accurate, approximation of the relationship described by the speed lines is the cubic polynomial [3] . Polynomials are notoriously illsuited to extrapolation and this one is only an approximation, albeit a very useful one. So, to incorporate this knowledge, while producing better behaved curves, splines are used. These are the linear combination of smooth functions, here b-spline basis functions. Instead of simply minimizing the squared error, a penalty function is included that penalizes large differentials [10] .
Penalizing the fourth order differential means the smoothest possible function is a cubic polynomial. By requiring that the gradient of the function is zero when the mass flow is zero, we get a cubic of the required form. The process fits all the speed lines at the same time so that their common characteristics, defined by the form of the cubic, are included. New speed lines can then be generated at selected speeds. With these new speed lines and their intersection point with the ridge, 8 landmarks are generated along each of 7 speed lines. Splines have been used extensively in this work, with different differential functions to smooth the data in different ways. The ridge is located using an exponential penalty function which produces a curve that fits the ridge somewhat better than the circle discussed in the previous section. Though it is worth noting that for most maps the difference is small. A two dimensional cubic spline, with a third order differential penalty function, is used to generate the complete function. This gives a preference quadratics in two dimensions.
To extract the commonalities between maps,"relative warps" are used [2] . A prototypical map is produced by averaging the coordinates of each landmark separately for all maps. Morphing this will produce any other map in the space. A thin plate spline is used; it is easy to flex but bending it sharply is difficult. This encourages morphological operations that move the landmarks together in one direction and allows the smooth morphing from one map to another. This is controlled by the convex combination of coordinates in the shape space, converted back to the original coordinate system. Figure 5 shows the effect of morphing the maps shown earlier in figures 2 and 3. These were deliberately chosen to be very different. Yet, looking at figure 5, the arrow indicates the morphing direction, the intermediate functions certainly appear to be sensible compressor maps. So, we can produce a new map by averaging over the values of any number of existing maps. The only question is which maps to average over. Sensibly, the nearest neighbor, based on mass flow and pressure ratio, should be one of the maps. If we wish to interpolate, always safer than extrapolation, other points must be found that surround the desired reference point. By using Delaunay triangulation, three points are identified surrounding this point. Their shape space coordinates are averaged and the new map produced using the appropriate morphological operators.
Experiments
The experiment uses each of 19 maps as the target. Its aim is to determine which of the three scaling method best approximates the target, knowing only its pressure ratio and mass flow. The least squares distance between the values of pressure ratio, mass flow and efficiency at the landmark points, on the scaled and target maps, is used as the measure of fit. The pressure ratio and the mass flow are normalized, so that the units chosen have no influence on the results and the dimensions contribute in equal part. The nearest neighbor is chosen based on the Euclidean distance of the normalized coordinates. Figure 6 shows how the maps' reference points vary in terms of pressure ratio and mass flow. The black circles are fans, they have very low pressure ratios and a large range of mass flow. The gray circles are low and high pressure compressors, they are designed for much greater pressure ratios but usually with smaller mass flows.
The results are shown in table 7. The best fit, the smallest squared error, is indicated by bold print. The performance using morphological scaling is in most cases the best. This form of scaling is less effective when no surrounding triangle is found. Originally extrapolation was used but this produces unrealistically shaped maps. Finding the nearest point on the black line in figure 6 , the convex hull of all the maps (without the target map in the experiments) resulted in sensible maps and produced the results shown in the table. For instance, map 19, at the top, is not only outside the hull formed by the other maps, it is some distance away. Interpolation means averaging only maps 17 and 18. Here, the non-linear scaling is most effective, using human extracted knowledge. Similarly for map 9, on the far right, the nearest point on the convex hull is the nearest neighbor itself, map 5, so the morphing error is identical. Again, non-linear scaling offers some improvement, through for this map it is rather small. This method produces the best fit for compressor maps, further work is needed to see if the same is true for maps of other components. Maps for turbines are similar in many ways, so offer some promise. The same parameters, mass flow, pressure ratio and efficiency are used, although the shape is quite different. Other components also have maps, such as the combustion chamber. There are likely to be fewer such maps readily obtainable. But, with a few examples and greater use of domain knowledge, generalization should still be possible. Maps for several components of an engines would allow the effective incorporation of knowledge into learning algorithms used to diagnose and predict engine faults. Effectively modeling the normal performance of engines already in service would make identifying deviations associated with problems much easier.
The approach presented here should generalize beyond gas turbine engines and be applicable whenever functions are being learned. The general idea is using knowledge in support of learning functions. This is both theoretical, such as restrictions on the form of speed lines, and empirical, the set of maps for existing compressors. At a more detailed level, constraints in the form of penalty functions for splines, allow the input of theoretical knowledge without the overly strong constraints of a parametric model. The morphology approach does require the identification of landmarks. But if these can be found, the approach over a useful way of extracting the common characteristics of functions. In this author's earlier work [1] , on transfer in reinforcement learning, previously learned solutions to subtasks were adapted to fit new ones. It would be worth revisiting this work to test the effectiveness of the approach taken here.
Conclusions
This paper introduced a way of learning multi-dimensional functions. Each functions is a point in shape space, produced by morphing a prototypical function located at its origin. The prototypical function and the space's dimensions, which define morphological operations, are learned from a set of existing functions. New ones are generated by averaging the coordinates of similar functions and using these to morph the prototype appropriately. The efficacy of this approach was experimentally demonstrated on a set of compressor maps, multi-dimensional functions relating various parameters of engine compressors.
